This paper offers new mathematical models to measure the most productive scale size (MPSS) of production systems with mixed structure networks (mixed of series and parallel). In the first property, we deal with a general multi-stage network which can be transformed, using dummy processes, into a series of parallel networks.
The popular non-life insurance industry has a network structure. In fact, it has two processes in its operation, the insurance service itself and capital investment. This problem has been studied many times in the literature (Kao & Hwang, 2008) as a twostage problem, in which insurance service is the first stage, and capital investment is the second. The inputs of the considered system are insurance expenses (X1) and investment expenses (X2). There are two types of intermediate products, direct written premiums (Z1) and reinsurance premiums (Z2). The outputs of the system are underwriting profit (Y1) and investment profit (Y2).
To make this application consistent with the multi-stage network case, we associate the investment expenses (X2) with the capital investment process rather than the insurance service process, and the underwriting profit (Y1) is the profit generated from the insurance service process instead of the capital investment process. In this sense, the system is not a simple series system, but a network system as depicted in Figure 1 , where the insurance service process uses insurance expenses (X1) to produce underwriting profit (Y1), direct written premiums (Z1), and reinsurance premiums (Z2).
The capital investment process uses investment expenses (X2), direct written premiums (Z1), and reinsurance premiums (Z2) to produce investment profit (Y2).
Figure 1 Network structure of the non-life insurance operation system
In the next, we introduce the MPSS model for the network system in Figure 1 .
The proposed MPSS models for a general multi-stage system
Following the concept of the MPSS model discussed in (Assani, Jiang, Cao, & Yang, 2018) , the MPSS model of the general multi-stage network displayed in . . ∑ 1 1 =1 ≤ 1 1 1 , = 1,2, … , (1) ∑ 1 1 =1 ≥̃1, = 1,2, … , (1) ∑ 1 2 =1 ≥̃2 , = 1,2, … , (2) ∑ 1 1 =1 ≥ 2 1 1 , = 1,2, … , (1) ∑ 2 1 =1 ≤̃1 , = 1,2, … , (1) ∑ 2 2 =1 ≤̃2 , = 1,2, … , (2) ∑ 2 2 =1 ≤ 1 2 2 , = 1,2, … , (2) ∑ 2 2 =1 ≥ 2 2 2 , = 1,2, … , (2) ∑ =1 = 1, = 1,2 1 1 , 2 ℎ , ≥ 0, = 1,2, … , , = 1,2, where 1 1 2 ℎ (ℎ = 1,2) are scalars representing expansion or contraction factors applied to the two stages' inputs and outputs of the evaluated DMU. The objective of model (1) is to maximize 2 2 − 1 1 , which will reduce the inputs of the two stages proportionally (radially) to 1 1 1 1 2 2 as small as possible and raise the outputs of the two stages proportionally to 2 1 1 2 2 2 as large as possible. This model also generates a set of new intermediate measures ̃1 ̃2 , which helps the decision makers to achieve the most productive scale size.
From one point of view, the main difference between the MPSS in the black box and the general multi-stage DEA is that the latter considers the procedures are taking place inside the evaluated DMU while the former does not. More specifically, new intermediate measures are generated in model (1), but they are ignored in the black-box MPSS model. This leads us to expect that the general multi-stage MPSS model is more discriminative than the black-box MPSS model (Assani et al., 2018) .
From another point of view, the difference between the multi-stage DEA network and the general multi-stage DEA network is that the later has exogenous inputs for each internal stage. While the difference between the general multi-stage DEA network and the classical parallel network is that, the former has intermediate measures connecting the internal processes. Now we define the system MPSS for a general multi-stage network DEA. ∑ 2 2 =1 ≥ 2 2 2 , = 1,2, … , (2) ∑ =1 = 1, = 1,2 1 1 , 2 ℎ , ≥ 0, = 1,2, … , , = 1,2.
Since 1 , 2 , and 1 are the outputs of the first stage, they have the same distance measure 2 1 . Similarly, 2 , 1 , and 2 have the same distance measure 1 2 .
Both models (1) and (2) have the same objective function that maximizes the productivity average of the inputs and the outputs of the whole system but in different ways. More specifically, the difference between models (1) and (2) is that the former looks for the optimal intermediate measures that connect the internal stages in order to achieve the most productive scale size, while the latter adjusts the intermediate measures in proportional scale as applied to the inputs and outputs in the standard MPSS model.
To obtain the MPSS of the internal stages, we adopt models (1) and (2) with two simple modifications. The first is to replace the objective function to be 2 1 − 1 1 and 2 2 − 1 2 for stage 1 and stage 2, respectively. The second is to maintain the MPSS value of the system while measuring the MPSS for the first stage and maintain both system MPSS and stage 1 MPSS values while measuring the MPSS of stage 2.
The MPSS of stage 1 is given as follows.
. (Kao, 2009) proposed an approach to transform a general multi-stage network system into one of the series and parallel structures. In his approach, the longest path of processes in the system is used as the backbone of the transformed system, and dummy processes are introduced to carry the inputs and outputs of intermediate processes.
MPSS decomposition
A dummy process has the same inputs and outputs, and they are used only to help the representation. The resulting system has two stages connected in series. At each stage, one dummy process, connected in parallel with a real process, is added to carry the inputs to be used in the next stage and the outputs produced in the first stage. Figure   2 shows the transformation of the system in Figure 1 , where circles and squares represent the dummy and the real processes, respectively.
The tandem system, the transformed system, has two stages connected in series.
Based on (Assani et al., 2018) , the tandem system MPSS is the sum of the MPSS values of the two stages. Each stage in the tandem system is a classical parallel system. Based on the MPSS decomposition of parallel network systems described in (Assani, Jiang, Assani, & Yang, 2019) , the MPSS of each stage is the weighted sum of the MPSS of the real and the dummy processes. Since the dummy process produces the same amount of the consumed inputs, thus, it is the MPSS process, and its MPSS value is zero. The MPSSs of the two stages are given as follows.
Where 1 and 2 are the importance of process 1 and process 2, respectively, in the classical parallel systems. It is known that the multiplier DEA form has the ability to put a restriction on the weights of the inputs and outputs of the internal stages, and the ability to assume the importance of the internal processes in the parallel network structure. Here in the MPSS concept, our task is deriving the points on the efficient frontier that represent the most productive scale size. This is called the target setting.
Therefore, we will not consider any assurance region (AR) in our models. In addition, we will assume that the internal processes of the parallel network have the same relative importance, that is, choosing one process of the parallel network by the DMU has the same importance of choosing the other processes in the network. In the calculation of Table 1 , we assume that 1 = 2 = 0.5.
Using the previous MPSS decomposition, the tandem system MPSS, the network MPSS, the two processes MPSS, and the two stages MPSS are reported in Table 1 . The second column of Table 1 reports the black-box MPSS scores calculated based on (Banker, 1984 as it is reported in the 5 th and 6 th columns. The two processes MPSS scores show that there are eleven MPSS companies in the first process, while there are four MPSS companies are in the other process.
The tandem system MPSS and the two stages MPSS scores are listed in the 3 rd , 7 th , and 8 th columns of Table 1 . Based on the MPSS decomposition of the series network structure (Assani et al., 2018 ), the tandem system MPSS is the sum of the two stages MPSSs. Since the dummy process is efficient and produces the same amount that consumes, it is MPSS process, and its MPSS score is zero. Remember that we selected the importance of the real process and the dummy process to be the same. It is evident that the stage 1's MPSS is the weighted sum of the real process 1 and the dummy process 1 which is satisfied with the MPSS parallel decomposition (Assani et al., 2019) .
The last two columns of Table 1 show the MPSS decomposition of the two stages.
R&D value chain network
As an application to a mixed structure network, we introduce the R&D value chain of China's regional R&D activities. This chain has been studied before (Wang et al., 2013) . In that paper, the authors proposed and verified an R&D value chain framework to explore the relationship between R&D, productivity, and firm market values. The proposed chain is a mixed structure network composed of two stages connected in series,
where the first stage has two processes connected in parallel.
Here we reuse this network, with simple modifications, to measure the MPSS of China's regional R&D activities considering the production, R&D efforts, and market value (see Figure 3 ). We will first report (Wang et al., 2013) 's R&D value chain DEA model. Then we compute the overall, operation, R&D, and marketability efficiencies for the Chinese regions. In the next step, we propose our R&D value chain MPSS model.
Then the MPSS of the two stages will be measured.
Specification of input and output variables
We consider the number of employees as first input in the operation process as the employees help the firms to engage in the production process (Becheikh, Landry, & Amara, 2006; Sterlacchini, 1999) . One variable is the investment on assets, which included the investments on the standard resources that support R&D innovation activities. These two inputs are the generators in the primary production process and produce the sales volume as an output. Sales volume represents the profitability associated with R&D and innovation activities (Thornhill, 2006) .
In the R&D efforts process, R&D personnel is a significant input as well as the R&D projects and the R&D expenditure. These inputs together are aiming to achieve the research targets, especially the patents that are the most critical output in the R&D activities. More specifically, the number of R&D personnel is an essential indicator for motivating firms to become involved in R&D innovation activities (Zhong, Yuan, Li, & Huang, 2011) . The R&D expenditures are often considered one of the critical factors when we evaluate the efficiency at the firm level (Griliches, 1998) . It is noted that the R&D expenditure is considered as one of the critical indicators that increase the profitability efficiency (Capon, Farley, & Hoenig, 1990) , especially for innovation inputs (Graves & Langowitz, 1996; Hitt, Hoskisson, & Kim, 1997; Zhong et al., 2011) .
R&D projects are the third inputs of the R&D efforts' process. The number of R&D projects reflects the available opportunities for researchers to be creative. In addition, R&D projects are the primary field that the researchers can get their patents.
The output of the R&D efforts' process is the technical knowledge, which can be in the form of patents (Deeds & Decarolis, 1999; Graves & Langowitz, 1996; Hall & Ziedonis, 2001; Hitt et al., 1997) .
Together, the primary production and R&D efforts constitute the profitability stage. As a result, sales volume and patents are obtained from the profitability stage.
Although these indicators can describe the production and R&D performance of Chinese regions, they do not reflect their market valuations. Therefore, we follow (Seiford & Zhu, 1999) and consider the marketability stage as an additional stage to be incorporated with the profitability stage. In the marketability stage, sales volume and patents are used as inputs and the market value which is the replacement value of its tangible assets (Blundell, Griffith, & Van Reenen, 1999; Seiford & Zhu, 1999) , has been selected as the final output of the marketability stage.
In China's R&D value chain network, eight productivity performance indicators were used. In terms of profitability efficiency, the current study employed five inputs:
the number of employees, the investments on the assets from production activities, R&D personnel, R&D projects, and R&D expenditures. The two outputs were the sales volume and the number of patents. For marketability efficiency, there are two inputs:
sales volume and the number of patents and one output, market value, in the second stage as it is displayed in Figure 3 . (Wang et al., 2013) proposed a network DEA model to measure the efficiencies of the network displayed in Figure 3 . In their model, the overall, operation, R&D, and marketability efficiencies can be computed in one-step as follows: 
where ( = 1,2, … , ; = 1,2, … , ) denotes the inputs of the operations stage and R&D stage that are used to produce the outputs ( = 1,2, … , ; = 1,2, … , ). In the same way, the ( = 1,2, … , ; = 1,2, … , ) are the inputs of the R&D stage that are used to produce the outputs represented by ( = 1,2, … , ; = 1,2, … , ).
Then and are employed as inputs in the second stage to produce the final outputs ( = 1,2, … , ; = 1,2, … , ).
The variables 1 , 2 , and 3 are weights that reflect the preference over the two stages' performances and are selected by the decision makers. However, these three variables are exogenous variables that cannot be determined by the two-stage model.
In this study, we set 1 = 2 = 3 = 1 because both operational efficiency and R&D efficiency are equal in importance to market efficiency in the R&D regions.
The variables and represent the weight of the jth region in the first stage, while is the weight in the second stage. and represent the efficiency scores of operations and R&D in the first stage.
is the efficiency score in the second stage. ̃ and ̃ represent unknown decision variables in the operations and R&D sectors in the intermediate measures. If = = = 1 and the two-stages process is viewed as a whole; then, the value chain achieves an efficient performance. If = = 1 and > 1 or ( < 1, < 1 and = 1), then model (8) indicates that one of the stages can achieve efficiency given a set of optimized intermediate measures.
As it is known, efficient DMU is not necessary to be MPSS. Thus, the efficiencies reported in Table 4 cannot give the policymakers accurate information on the scale size of the evaluated DMUs. Therefore, it is essential to know the scale size of the evaluated Chinese regions and select those regions that achieve the most productive scale size. In the following section, we introduce our MPSS model for the R&D value chain network of Chinese regions. Some explanations on models (8) and (9) are required. Model (8) restricted the distance measures and to be less than or equal one, and to be more than or equal one as the and are the input-oriented efficiencies of the operation and R&D processes and is the output-oriented efficiency of the market stage. Thus, the objective function value of model (8) is always less than or equal to one. The region is overall efficient if the objective function value is one. In contrast, model (9) Model (9) can measure the MPSS of the whole R&D value chain but cannot measure the MPSS of each stage. To measure the MPSS of each stage, we can depend on the MPSS decomposition of the series network structure described in (Assani et al., 2018) . In this case, we only measure the MPSS for one stage. The MPSS model for the first stage is proposed as follows: 
Specification of the R&D value chain MPSS model
′ = Max( 2 − 1 ) + ( 4 − 3 )(10)
Empirical results and analysis

Data sources
Inputs and outputs data of chosen sectors were collected from the National Bureau of Statistics of China. Table 2 provides the descriptive statistics of inputs/outputs for China's regional R&D activities. 
Analysis of profitability and marketability efficiencies
The original efficiency values from 2014 to 2015 are presented in Table 4 . The descriptive statistics of the regions' profitability and marketability efficiencies are presented in Table 3 . For profitability efficiency, there are two different types of efficiency for each region: operational and R&D efficiency. The average values of R&D efficiency were 0.845 and 0.833 in 2014 and 2015, respectively, while the standard deviations were 0.263 and 0.268, respectively. In terms of R&D efficiency, there are 19 regions (Regions 1, 3, 4, 5, 6, 7, 8, 14, 20, 21, 22, 23, 24, 25, 27, 28, 29, 30, and 31) and 19 regions (Regions 1, 4, 5, 6, 7, 8, 14, 18, 20, 21, 22, 23, 24, 25, 27, 28, 29, 30, and 31 ) that attained appropriate efficiency levels for the initial efficiency scores in 2014 and 2015, but 18 regions (Regions 1, 4, 5, 6, 7, 8, 14, 20, 21, 22, 23, 24, 25, 27, 28, 29, 30, and 31) had consistent R&D efficiency levels in 2014-2015. Therefore, the average R&D efficiency was larger than the operational efficiency in 2014 and 2015. These results imply that the high-technology industry places emphasis on research and development activities rather than traditional production activities.
In terms of marketability efficiency, the average efficiency values were 0.119 and 0.126, and the standard deviations were 0.201 and 0.207 in 2014 and 2015, respectively.
Region 1 (Beijing) has reached 100% marketability efficiency in 2014 and 2015. The top five regions that attained the highest marketability efficiency score are regions 1, 29, 27, 9, and 17 and regions 1, 29, 27, 17, and 9 in 2014 and 2015, respectively.
Based on the above analysis, the marketability efficiency values were low. As a result, a majority of the large high-technology firms in the Chinese regions performed inefficiently in terms of both profitability and marketability. This finding provides initial evidence that the generally lower profitability and marketability efficiency of high-technology firms in the Chinese regions is a serious problem that may be due to wasted resources on production and R&D. Interestingly, only two regions (Region 1 and 29) had appropriate efficiency levels in operations, R&D, and marketability efficiency. 
Analysis of profitability and marketability MPSSs
The original MPSS values from 2014 to 2015 are presented in Table 5 . For profitability MPSS, there are two different types of MPSS for each region: operational and R&D MPSS. In the original MPSS values, only four regions (Regions 11, 13, 14,  and 15) and five regions (Regions 9, 10, 11, 13, and 15) are MPSS during the production stage in 2014 and 2015. Regions 11, 13, and 15 are MPSS in both years 2014-2015. In terms of R&D MPSS, there is one region (Region 1) and three regions (Regions 1, 20, and 26) that are MPSS in 2014 and 2015, but only one region (Region 1) is MPSS in both years. As it is shown in Table 5 , no regions are MPSS in the profitability stage.
It is clear that the profitability MPSS is the sum of the operation and R&D efforts MPSSs obeying the MPSS decomposition of the parallel network described in (Assani et al., 2019) .
In terms of marketability MPSS, only Region 1 (Beijing) was MPSS in both years (see Table 6 ). That is, the production and R&D efforts did not sufficiently reflect the regions' market valuations. As a result, most of these regions performed inefficiently in terms of both profitability and marketability. This finding provides initial evidence that the generally lower profitability and marketability efficiency of Chinese R&D regions is a severe problem that may be due to wasted resources on production and R&D.
Interestingly, only three regions (Regions 10, 15, and 19) had appropriate MPSS levels in operations, R&D, and marketability efficiency. Therefore, the various intermediate resource inputs and outcomes must determine the level of effort necessary to boost overall productivity. This problem is particularly impressive given that nearly all previous studies have ignored these intermediate measures in R&D activities. In addition, the non-parametric Kruskal-Wallis test is used to determine whether the rankings of the MPSS scores differed across the different period groups ( Table 7 ).
The results indicate that there were no significant differences found among the rankings of the operations, R&D, and marketability MPSS scores for 2014 and 2015. That is, the rankings of the MPSS scores among these groups showed a high degree of consistency from 2014 to 2015. The first double columns of 
Conclusion
This study proposes new models to measure the most productive scale size of systems that have a mixed structure of series or parallel structures. Two properties of mixed structures have been discussed and examined.
The first property deals with a general multi-stage network where exogenous inputs for each stage are supplied, and there are intermediate measures connect the internal stages, and final outputs from each stage are obtained. We proposed a new network MPSS model to measure the MPSS of such networks. To measure the MPSS of the internal stages, we decomposed the system MPSS into the internal stages' MPSSs by converting the mixed structure network into a series of parallel processes using dummy processes. The original network and the tandem network are equivalent. The tandem network has the ability to decompose the overall efficiency and MPSS into the internal stages. An application of 24 non-life insurance companies is used to show the applicability and the merits of the proposed methods in both measuring and decomposing MPSS.
The second property considers a real-life application of China's regional R&D activities for 2014 and 2015. We build the R&D value chain network as a mixed structure network composed of two stages, where the first stage has two processes connected in parallel. The first stage is the profitability stage, which has operational and R&D efforts processes connected in parallel. The operational process consumes the employees and the investment in the fixed assets as inputs and produces the sale volume as output. The second process is the R&D efforts that use the R&D personnel, R&D projects, and R&D expenditure as inputs and produce the patents as output. firms in the Chinese regions performed inefficiently in terms of both profitability and marketability. This finding provides initial evidence that the generally lower profitability and marketability efficiency of high-technology firms in the Chinese regions is a severe problem that may be due to wasted resources on production and R&D. Interestingly, only two regions (Beijing and Qinghai) had appropriate levels in operations, R&D, and marketability efficiencies. In terms of MPSS, no regions were MPSS in the profitability stage, while Beijing was the only MPSS region in the marketability stage. Jiangsu, Shandong, and Guangdong had appropriate levels in operations, R&D, and marketability MPSSs. The results of the Kruskal-Wallis test indicate that there were no significant differences found among the rankings of the operations, R&D, and marketability MPSS scores for 2014 and 2015.
